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ABSTRACT
The governing equations for the flow over a slender body are 
developed in terms of the equivalence principle of Hayes, and are 
written in integral form. A quadrature solution for the body shape 
in terms of a specified shock is obtained (inverse problem). Also, 
for blunted shocks the entropy-displacement effect is evaluated in 
terms of the shock parameters. By means of the same governing equa­
tions a solution for the shock shape over a non-growing body is pre­
sented (a special case of the direct problem). Physically, this re­
presents the flow over circular cylinders and flat-plates. In addi­
tion, expressions for the pressure distribution and drag are developed 
and applied to the inverse and direct problems.
The general solution for the inverse problem is applied to con­
ical, ogival, power-law, and hyperbolic shocks. The corresponding body 
shapes are analytic and expressed in terms of the shock parameters and 
ratio of specific heats. The body generating a parabolic shock is 
found to grow asymptotically, whereas the body from blast-wave theory 
is non-growing. The general solution for the direct problem is applied 
to circular cylinders and flat-plates with varying nose bluntness. The 
corresponding shocks, given by simple algebraic expressions in terms of 
the body parameters and ratio of specific heats, are found to grow more 
slowly than those predicted by the blast-wave solutions.
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NOMENCLATURE
The following nomenclature is used throughout this work unless 
noted otherwise.
a (Yp/p)^, isentropic speed of sound
A parameter used in shock shapes, see Eqs. (4.1), (4.30), (4.40)
b 6/6
B parameter used in shock shapes, see Eqs. (4.30), (4.40)
C V^(0)H(0)^/^, constant of integration, see Eq. (2.18)
Cp D/(ip_^v^s), drag coefficient
Cp ip/ , pressure coefficient
d body diameter or thickness
drag force to time t, or up to a station xD(t)
D(x)
ê unit vector, see Fig. (2.2c)
È energy per unit length (j=l), or per unit area (j=0) added in­
stantaneously by a blunt nose
e p/[(Y-l)p], specific internal energy
G function, see Eq. (2.16)
H function, see Eq. (2.16)
Ï momentum per unit length (j=l), or per unit area (j=0) added
instantaneously by a blunt nose
j 0,1 for the planar or axisymmetric case, respectively
K. M 6 . hvoersonic similarity uarameter
Xll
Kj,Kj^2 constants of integration, see Eqs. (2.24), (2.26), (5.2)
£ parameter, see Eq. (3.14); body length
M v/a, Mach number
n power-law exponent; parameter, see Eq. (3.16)
fi unit outward normal vector from the surface under consideration
p pressure
p" pressure between layer Ar and body; assumed equal to py
r(x) radius or half thickness in the physical plane
r initial contribution to the body radius or thickness as a re­
sult of the blunt nose, see Eq. (4.7)
R(t) radius or half thickness in the equivalent plane
f r/d; also r/B, see Eq. (4.40)
r' d/dx(r)
r" d^/dx^(r)
s 2(nRg)^, shock surface area in the equivalent plane
t x/Voo, time
V velocity
v^ speed of gas particles in the shock layer, see Eq. (2.9)
V(t),V(x) volume per unit length (j=l), or per unit area (j=0)
W (8B2/A4) r2
(8B2/a2)x 
X axial coordinate
x^ position on x-axis when r=r^, see Eq, (4.3)
g characteristic value of the shock slope; semivertex angle
of a conical shock
xiii
Y Cp/Cv, specific heat ratio for a perfect gas
6 characteristic value of the body slope; semivertex angle of
a conical body
Ar thin gas layer adjacent to shock, see Fig, (2.2)
e (Y-l)/(Y+l), limiting density ratio across a normal shock
parameter for power-law body shapes, see Eq. (4.6) 
p gas density
% surface surrounding an arbitrary region of gas, see Fig. (2,2)
T thickness ratio
Ü) parameter used in shock shapes, see Eq. (3.8)
Subscripts 
“ free stream condition
b body surface
s shock surface
N nose of body
Mathematical Symbols
^  ( ) substantial or Eulerian derivative 
- approximately equal to
asymptotically equal to 
di differential volume
( ) derivative of quantity with respect to time
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AN INTEGRAL APPROXIMATION FOR SHOCK SHAPES OVER SLENDER BODIES 
IN INVISCID HYPERSONIC FLOW
CHAPTER I 
INTRODUCTION
The treatment of hypersonic flows over slender bodies has been 
the subject of many papers over the past twenty-five years. Some of 
the earliest works in this area are attributed to Guderly [1], Hayes 
[2], Sedov [3], and Tsien [4]. From these contributions the ideas of 
"hypersonic similitude" and the "equivalence principle" have been 
formulated.
Similarity solutions for the unsteady constant-energy flow be­
hind the spherical blast-wave were first treated by Sedov [5] and 
Taylor [6]. Subsequently, solutions of the hypersonic flow equations 
over slender bodies were obtained by Bam-Zelikovich et al. [7] and 
Goldsworthy [8]. However, a more general treatment was accomplished in 
1954 by Van Dyke [9] and the concept of "hypersonic small disturbance 
theory" was formalized. Van Dyke's approach facilitated the solution 
of the steady-state equations for hypersonic flow. In his development 
expansions for large Mach number, M^>>1, and small characteristic body 
slope, 6<<1, were made such that the combination M 6 was a constant.
2Thus, the two-dimensional steady hypersonic flow problem was reduced 
to the simpler, yet still complex, problem of one-dimensional unsteady 
flow. About this time Sakurai [10,11] studied the constant-energy or 
"blast-wave" problem by removing the condition of strong shocks and, 
independently, Lin [12] obtained a solution for the cylindrical blast- 
wave .
In a study published in 1956, Cheng and Pallone [13] accounted 
for nose bluntness effects on the downstream flow within the framework 
of hypersonic small disturbance theory- Following this work Lees and 
Kubota [14] studied the self-similar flows over blunt-nosed slender 
bodies. These theories demonstrated that the flow over a flat-plate 
or circular cylinder was analogous to the constant-energy planar and 
cylindrical problem, and also, that the nose drag of these bodies is 
related to the instantaneous energy released in the constant-energy 
problem. Along these same lines Chemyi [15] and Cheng et al. [16] de­
veloped integral methods for the solution of hypersonic flow past 
slender blunted bodies. Their analyses were accomplished wilhin the 
restrictions of small disturbance theory and the approximation of a 
thin shock-layer-
Unfortunately, the blast-wave analogy and similarity solutions 
do not provide an uniformly valid solution throughout the flow field. 
They fail near the nose since the body slope is not small and in a 
layer near the body surface referred to as the "entropy layer". The 
entropy layer arises because the changes in entropy and temperature, 
caused by the nose bluntness and propagated along the streamlines
3wetting the body, are lower than the entropy and temperature predicted 
by the small-disturbance solutions. To overcome this limitation Sychev 
[17] studied the inverse problem by determining the body that produces 
the outer small-disturbance flow associated with a blast-wave. He 
chose a parabolic shock shape and, accounting for the finite entropy 
change across the shock, numerically calculated a body shape which he 
found to grow asymptotically.
Guiraud [18] had pointed out that the entropy-layer is a region 
of non-uniformity characteristic of singular perturbation problems and 
could be treated with the method of "inner and outer expansions". In 
1962 Yakura [19] successfully solved the same problem investigated by 
Sychev with an expansion procedure, that is, matched asymptotic expan­
sions. Yakura was able to obtain an "outer" expansion valid in the 
shock layer, but outside of the entropy layer, and an "inner" solution 
valid in the entropy layer. By means of a proper matching of the two 
expansions, an uniformily valid solution was found
Prior and subsequent to Yakura's work, there have been a number 
of expansion techniques applied to the direct problem, notably. Freeman 
[20,21], Vaglio-Laurin [22], Guiraud [23], and Guiraud et al. [24]. 
Common to all of these approaches is a difficulty in the matching pro­
cedure requiring a certain integral to vanish. Since the integral 
could not be proven to vanish theoretically, disagreement arose over 
whether it could be assumed to vanish, Stewartson and Thompson [23] 
were able to show numerically that the integral in question is indis­
tinguishable from zero, but the non-vanishing of other terms still 
leaves some doubt as to the validity of the matching procedure
4Recently an uniformly valid solution for the inviscid hyper­
sonic flow past blunted bodies has been accomplished by Schneider [26] 
for the inverse problem. He obtained an analytical solution for the 
flow quantities in quadrature form. Contrary to Yakura's approach, 
Schneider's success is a result of judicious choices for the order of 
magnitude of pertinent flow quantities, rather than on a systematic 
expansion procedure. Although the works mentioned in this brief his­
torical sketch enable simplification of the solutions for the hyper­
sonic flow over slender bodies they are by no means "simple" solutions. 
Only in a few cases can the shock shapes, pressure distributions, etc., 
be obtained explicitly in terms of known parameters, e.g., Chernyi [27], 
The purpose of this study is to develop an approximate method that 
yields simple analytical solutions for the shock shapes over slender 
bodies in hypersonic flow. To accomplish this we shall initially follow 
the integral approach of Chernyi [15,28] and treat, in general, the in­
verse problem.
In Chapter II the governing equations for the flow over a 
slender body are developed in terms of the equivalence principle of 
Hayes [2]. These equations written in integral form have been presented 
by Chemyi [15,28]. A general solution for the body shape in terms of 
the specified shock shape is then obtained in quadrature form. By means 
of the same fundamental equations, a solution for a particular direct 
problem is obtained, that is, the shock shape for the non-growing body 
Physically this represents the shock supported by a circular cylinder or 
flat-plate. In addition, general equations for the pressure distribution
5and drag are developed which are applicable to both the direct and 
inverse problems.
Chapters III and IV deal with applications of the inverse pro­
blem. In Chapter III conical and ogival shocks are specified. The 
resulting body shapes are found to be cones, wedges, and ogives. In 
addition, the pressure distributions are presented in terms of the 
shock shapes. Chapter IV is a treatment of the body shapes supporting 
power-law and hyperbolic shocks, as well as the associated pressure 
distributions. We find that these bodies are blunted and, generally, 
not similar to the shock shape.
Chapters V and VI are devoted to applications of the general 
solution for the non-growing body and an interpretation of the varia­
tion in body shape with power-law exponent. In Chapter V constant 
radius and constant thickness bodies with varying nose bluntness are 
specified, and the shock shapes and related pressure distributions are 
determined. Chapter VI deals with an interpretation of the variation 
of Hy with Ug, where n is the power-law exponent, for slender blunted 
bodies supporting power-law shocks. The range O^^^l is considered, 
and comparisons with other theories and experiments are made.
Although there are a large number of theories dealing with 
the hypersonic flow over slender bodies, the number of related experi­
ments are limited. Comparisons among the present theory, other theories, 
and experiments are made where possible in Chapters III-VI. Further dis­
cussions of these topics can be found in references [28-34].
CHAPTER II
THEORETICAL DEVELOPMENT
Fundamental Concepts 
A supersonic flow in which the free stream Mach number Mœ is 
sufficiently high that linearized theory is inadequate for describing 
its essential features, is called hypersonic flow. Throughout this 
paper we shall be concerned with the inviscid hypersonic flow of a 
perfect gas past slender bodies. Consequently, the basic equations 
will be developed within the framework of hypersonic small disturbance 
theory and the equivalence principle.
Small disturbance theory is that portion of hypersonic flow 
theory which is applicable to slender bodies. The slenderness of the 
bodies is described in terms of the parameter 6 which we designate as 
a characteristic body slope. All bodies are considered to be at zero 
angle of inclination. The inviscid hypersonic small disturbance as­
sumptions pertinent to the present development are:
(13 M » 1oo
(23 6 « 1  
(33 M 6»1 
(43 e«l
where e = (Y-13/(Y+13 is the limiting density ratio across a normal, 
shock.
7Assumption (1) is necessary for all hypersonic flow theories. As­
sumption (2) insures a slender body. Assumption (3) is the strong 
. shock requirement. From this we define the hypersonic similarity 
parameter E . Assumption (4) involves the gas properties and 
insures a small density ratio. This assumption is also necessary for 
the thin shock layer approximation.
The equivalence principle of Hayes [2] can be stated quite 
simply with the aid of Fig. (2.1). Consider a plane section of ini­
tially undisturbed gas which is penetrated by a slender body. It is 
known that the gradients of the flow quantities normal to the plane 
are small compared with those parallel to the plane. Physically this 
means that the motion of the gas is essentially confined to the plane 
section and that motion out of the plane is negligible, that is, all 
gas motion is perpendicular to the longitudinal body axis. Thus, for 
our purposes, a statement of the equivalence principle is: the steady 
two-dimensional flow over an axisymmetric or planar body is equivalent 
to the one-dimensional unsteady motion in a plane section.
In the following sections we shall develop the equations of 
continuity, momentum, and energy for the unsteady problem. As illus­
trated in Fig. (2.1) we can view this motion as a body (or piston) and 
shock expanding in a plane. The axisymmetric case is used for the de­
velopment of the basic equations; however, the final form of these 
equations enable applications to either axisymmetric (j=l) or planar 
(j=0) flows. In the equivalent plane the dependent variables are the 
shock radius or thickness R^, body radius or thickness , and the
shock
b o d y
(;a) axisymmetricic case
shock
b o d y
Cb)
case
, 1 Illustration
Figure 2.1-
équivalence principle.
9pressure p; and the time t is the independent variable. In the phys­
ical plane the dependent variables are the shock radius or thickness 
r^, the body radius or thickness r^, and the pressure p; and the axial 
coordinate x is the independent variable. The transformation into 
physical coordinates is simply t = x/v^. The symbols R and r will be 
used to designate both radius and thickness since it will be clear in 
each case whether the axisymmetric or planar problem is being con­
sidered.
Basic Equations 
Conservation of Mass 
Consider an undisturbed, axisymmetric, plane section of gas 
confined by a fixed surface Z, Fig. (2.2a), at some time t<0. At some 
later time t>0 , a disturbance caused by the shock and body propagates 
outward, Fig. (2.2b). According to the law of conservation of mass, 
the total mass of gas within E must remain constant. As a result the 
substantial derivative of the mass at any time t must be
D
Dt
JpdT = 0 , (2.1)
E-b
where p is the gas density and b(t) represents the boundary of the 
body. Equation (2.1) can be written in the form
D '■ 
Dt
r
"t
E-b E-s s-b
where s(t) is the surface area of the shock. It follows that
10
(a) t < 0
Z=0
(b) t> 0
Ar
s"/2
(c) 0
Figure 2.2. Equivalent plane terminology.
11
d t  J J
s-b
p d i  =
( r r
Z-S
Since the density between Z and the shock surface s(t) is constant 
(p=Poo) j the application of Liebnitz's rule to the above equation yields
_d_
dt JJ
s-b
p d i §
Z
PcoV^ ’fids « p V *nds . (2.2)Jj ” s
s
In Eq. (2.2) n is a unit normal pointing outward from the region en­
closed by the surface under consideration, is the velocity of the 
shock surface, and v^ equals zero since Z is stationary. Integration 
of Eq. (2.2) yields the total mass of the disturbed gas at time t as
p d î  = p V
. JJ “  s
s-b
(2.3)
i  i  +1where = (2-j)ïï-'R^  is the "volume" of the shock in a plane section 
at time t.
Momentum Equation 
Since the geometry of the gas and body motion is symmetric, 
the analysis can be simplified if we consider the momentum equation 
in a meridian plane to one side of the axis of symmetry as in Fig. 
(2.2c). The gas is inviscid, hence, the time rate of change of mo­
mentum of the gas must equal the sum of the hydrodynamic pressure 
forces. Expressed in integral form Newton's Second Law is
12
_D_
Dt
-rr rr
pvedx = - tj) pnds'ê , 
J  J  J j
(2.4)
E'-b' Z'+E'
where ê is a unit vector in the direction indicated in Fig. (2.2c). 
Equation (2.4) can be recast as
d rrr r r f f
^  I IJ pv’êdx = - I p^h'ê ds- JJ p''fl*êds - J p^h'ê ds 
s '-b' s' s" b '
s"+b'
P.ds + JJp"ds + J Pyds ,
or, with a rearrangement of terms
^  III pv'êdx = J (P^-Pjds + JJ (p"-Py)ds . (2.5)
s'-b s"+b'
Equation (2.5) can be further simplified with the following considera­
tions. We have assumed that the gas is strongly compressed across the 
shock and as a result most of the gas in the disturbed region is con­
centrated in a thin layer close to the shock. Most of the pressure 
change occurs near the shock, whereas in the rest of the shock layer 
the pressure change is small. Thus, we shall assume that the thin 
layer next to the shock (Ar) contains all of the gas, that Ar is negli­
gibly small, and that pressure changes between this layer and the body 
can be neglected.
13
The above assumptions allow us to write the integral on the 
left-hand side of Eq. (2.5) in the form
s'-b'
(• f
p v ê d i  = P2V2Arflds’ ê , (2.6)
where p^ and v^ are the density and speed of the gas in the layer Ar. 
Furthermore, we note that
p^v^Arftds-ê = PgVgAr
I
II fids•ê ,
but
jj ftds’ê = s/ir
Therefore,
p^v^Arfids'ê = (p^v^ArsD/ir ,
s'
where s = 2irR^  is the "surface-area" of the shock in the equivalent 
plane at time t. In the final result the "surface-area" of the shock 
for planar flow can be obtained from the formula s = 2(irR^ )^ .
The total mass of the gas in the layer Ar is given by Pg(Ar)s 
and from the continuity equation is equal to p^V^. We can now recast
Eq. (2.5) in the form
s"+b'
+ j(p"-Py)ds . (2.7)
14
The right-hand side of Eq. (2.7) can be evaluated as follows:
(Pb-P.)dS = (Py-Pj
s"+b' s"+b'
and
c"
Cp"-Pb)ds = (p"-py) ds = 2Ar(p"-p^)
However, if we impose the assumption that Ar is negligibly small, the 
momentum equation takes the form
(v,VJ = (p^-pjs .dt '■ 2 s
(2.8)
The term v^ now represents the speed of all gas particles in the shock 
layer caused by the propagation of a normal shock into an ambient med­
ium. In terms of the shock speed and the acoustic speed in the undis­
turbed medium v^ can be expressed as
(2.9)
Integration of Eq. (2.8) yields an equation for the total im­
pulse added to the gas at time t as
+(Pb-P.)sdt + i (2 . 10)
where Ï is the momentum per unit length or area added instantaneously 
by the blunt nose of an axisymmetric or planar body, respectively.
15
Conservation of Energy 
We shall treat the inviscid, adiabatic flow of a perfect gas 
and neglect all body forces. With these assumptions the energy equa­
tion can be written in the form
_D_
Dt p(e+v^/2)dT = - C)p_^ v^ *fids - ^Py9^»hds . 
Z-b Z b
(2 .11)
Since v^ is equal to zero, and for a body of revolution or uniform 
plane surface p^ is a function of time only, Eq. (2.11) is recast as
D
Dt
p ( e + v ^ /2 ) d T  = p^^'Vyds
Z-b b
The substantial derivative of the internal and kinetic energy can be 
expressed as
_D_
Dt p(e+v^/2)dT = ^ p(e+v2/2)dT + ^ p(e+v^/2)dT .
Z-b i-s S-D
In the region between Z and the shock surface p is equal to p^, e is 
equal to e^, and v is equal to zero. Thus, the last two equations 
can be combined to read
ë
v . d s  = p _ e 00 dt J  J  J
Z-s
dx + 2 t j j j p ( e + v 2 / 2 ) d x  . 
s-b
We now note that
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P e00 dt dT = - Pco^ cc "dT ^
z-s
Pbj^v^ds = Pb -dp
and
Therefore, we have
_d_
dt
r,2r p . , _ P“ dVb
(9:7 + = T:r-dir+ f'b "dt"
s-b
(2.12)
Application of the thin shock layer assumption to Eq. (2.12) and sub­
sequent integration yields
Pb
(V -V^)+ T  p V V 2 _Y-1 s b 2 ’■^00 s 2 Y-1 sV +
: dVb
+Pb -dT dt + Ë . (2.13)
Equation (2.13) is the desired form of the energy equation. The con­
stant of integration Ë is the energy per unit length or area, added in­
stantaneously by the blunt nose of an axisymmetric or planar body, 
respectively. It is equivalent to the concentrated nose drag force 
for axisymmetric bodies and the nose drag force per unit width for planar 
bodies.
Equations (2.10) and (2.13) are equivalent to those utilized by 
Cherui [27,28,55] in the application of unsteady motion to hypersonic
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flow problems. In the following two sections we shall depart somewhat 
from Chernyi's approach. Equations (2.10) and (2.13) will be applied 
to obtain analytic solutions in quadrature form for the inverse pro­
blem and the direct problem for a non-growing body.
The Inverse Problem 
In the inverse problem the shock shape is specified and the 
body shape is to be determined as part of the solution. The desired 
result is a quadrature solution for the body shape in terms of the shock 
parameters and Y. To accomplish this we differentiate Eq. (2.13), and 
replace the body pressure in the resulting expression with the use of 
Eq. (2.8). Subsequently, we obtain
(2.14)
T J P J dV. p ,
r r  dt ^^b [ -f dt (^s^2^  ^t = “dT tPco^ T  dt (VsV2)]
 ...............   IP = ,2
tropic sound speed yields
A rearrangement of terms and use of the relation a^ for the isen-
( i ' ' ; )  ) ^  ( V 2) 1 =
(''si) * 3F ( I T i r  (Vs^z) ] ■ (2-(s)
Y-1 d _ 2-> . d r s d
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When we define the quantities
and
Eq. (2.15) can be recast in the form 
or
1 -Y
(2.16)
^  ] = H Y G . (2.17)
Integration of Eq. (2.17) yields
or, in physical coordinates with the application of the transformation
( 2 - j ) T r ^ r ,  =
V
■1
X
- '*Ÿ-iT7T * - & Ÿ  (2.18b)
^ H ( x ) l / Y  j ^ H ( x ) i '  ' H ( x )
where C = H(0)^^^V^(0) .
Equation (2.18) is the general solution for the inverse pro­
blem. It will become apparent in Chapters III and IV that the first 
term on the right-hand side of Eq. (2.18) is an approximate form of 
the bûdÿ shape obtained with the self-similar solutions. The second
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term on the right-hand side is a result of the nose bluntness. We re­
call that in the momentum and energy equations the bluntness was ac­
counted for by the instantaneous addition of momentum (Ï] and energy 
(È) at time equal to zero. To obtain Eq. (2.18) we differentiated and 
integrated a combined form of the momentum and energy equation. The 
constant of integration C is essentially a manifestation of the ori­
ginal initial conditions (i.e., nose bluntness). If the nose is pointed 
H(0) is a constant, but Vy(0) is equal to zero. It follows that for 
pointed bodies C is equal to zero. For blunted bodies H(0) is infinite 
because r^ is infinite at the origin and (0) is zero. Thus, strictly
interpreted C is indeterminate for blunted bodies. However, in Chapter
1/y
IV we shall develop an expression for C/H and demonstrate that this 
term can be treated as the entropy-displacement thickness.
The Direct Problem for the Non-Growing Body 
In general a solution of the direct problem, that is, specifi­
cation of the body shape and determination of the shock shape as part 
of the solution, does not lend itself to the technique used in the pre­
vious section. However, if we consider the case of the constant-radius 
or constant-thickness body, a solution similar to Eq. (2.18) can be ob­
tained for the shock shape.
A constant-radius body in the unsteady problem is equivalent to 
the steady flow over a circular cylinder in the physical plane. We re­
strict our consideration to equal to infinity or a^ equal to zero.
For the axisymmetric case - nR?, = /tR^, and s = 2tiR^, consequently
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we write
» = Ÿ T r r é t ‘' s V  (2.19)
and
The substitution of Eqs. (2.19) and (2.20) into (2.16) yields (with 
= constant)
t T " &  (Ks*;)] '
^  + 37 [*s 3T
where e = (Y-1)/(Y+1). Integration and rearrangement gives
Rf-RZ j
' Cl .
where is a constant of integration. Furthermore we write
cE= *s d:;-
and thus we have
(%:%=) + 2e (-§-=.)' = C, . (2.21)
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The following change of variables
* =
n = R§
enables us to write Eq. (2.21) in the form
3^ + 2:* = '
which has the general solution
Cl (n-R2) , -2E
* = 2T  - 2^ ;r- ] + C2(r^*b) '
where C2 is the second constant of integration. By replacing (j) with 
our original variables and rearranging terms in Eq. (2.22) we obtain
O "  = ^  I  ]  ^T  • (2.23)
where and are constants. Integration of Eq. (2.23) yields
rR. .
:2W  • (2-24)
Here Ki and are constants of integration and R^ ^ is the shock radius 
at ti, where tj is taken equal to zero.
A similar analysis can be performed for the constant thickness 
body which is equivalent to the steady flow over a flat plate in the 
physical plane. We again restrict our consideration to M equal to infinity.
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In this case = 2R^, Vy = 2Ry and s = 2. The analysis proceeds in 
the same manner as the axisymmetric problem with the final result
 —  ZzTT ' (2-25)
R^jR+Ry/2c+K2(R-Ry)
where and are constants of integration.
Equations (2.24) and (2.25) describe the shock shapes for con­
stant radius and constant thickness bodies, respectively. Evaluations
of the constants K. and K„ . will be considered in Chapter V. Written
1 2+j ^
in unified form Eqs. (2.24) and (2.25) become
Pressure and Drag Equations 
A general expression for the pressure on the body surface can 
be obtained by combining Eqs. (2.8) and (2.9), Tiie result is
and if the standard definition of the pressure coefficient is applied we 
obtain
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Substitution of the appropriate values for and s into Eq. (2.27) 
and differentiation enable us to present the pressure coefficient in 
the form
P^b = * "sKsi" à  - j - " }  •
If we apply the transformation t = x/v#, the pressure coefficient can 
be expressed as
r r"
Cpb • * S  ' i ?  '
This expression is also presented by Hayes and Probstein [30, p. 360].
In the limit equal to infinity, Y equal to unity, Eq. (2.28) re­
duces to
Cp^ = (2-j)[(l+j)r^2+rgrg ] , (2.29)
which is the slender-body Newton-Busemann result. Cole [36] obtained 
this equation by proceeding to the same limits in the small disturbance 
equations.
It was mentioned previously that the energy per unit length and 
per unit area in the unsteady problem can be thought of as the drag 
force apd the drag force per unit width of axisymmetric and planar 
slender bodies in the physical plane. If we consider the steady integral 
conservation equations for mass, momentum and energy for the body de­
picted in Fig. (2.3), the drag up to a station x can be written as
24
shock
Figure 2.3. Terminology for slender body drag.
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D(x) = p ( e - e o o + v 2 / 2 ) d s  , (2.30)
where X is a plane section between the shock and body. Equation
(2.30), recast in terms of the equivalent plane variables (see Fig. 
2.2), has the form
D(t) =
J J 
s-b
Pb
p ( e - e o o + v 2 / 2 ) d i  ,
Y-1 " s b(Vc-Vx) + Y
p V o^o s
CO s 2 Y-1
(2.31)
The above expression is equivalent to the last two terms in Eq. (2.13) 
Thus, we write for the total drag
D(t) = E + dt
However, for applications, the most useful form for the drag is given 
by Eq. (2.31). The dependence on py can be removed with the substitu­
tion of the body pressure from Eq. (2.8) into Eq. (2.31). With this 
accomplished we have
Pce^ b
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Furthermore, if the counterpressure is neglected and the transforma­
tion into physical coordinates is made, the drag expressed in unified 
form is
DCx)  =
2-j .
P_V^2 TT^
"ŸTÏ
, 1+j 1+3.
1
7-1
C2r^ )'
d x  [ r s = s  ( 1 -  ^ 2^,2
“ s
)]
s s 
7+1 ti-
Mfr'Z0° s
(2.32)
Equation (2.32) is a general relation for the drag of slender bodies 
in hypersonic flow as a result of the hydrodynamic pressure forces.
CHAPTER III 
POINTED SHOCKS 
Generalities
In this chapter we shall consider pointed shocks that are coni­
cal or ogival. It is known that shocks of this type are supported by 
cones, wedges, and ogives. We shall not consider pointed shocks gener­
ated by more complicated body shapes.
Since the body is pointed the nose drag is zero and it follows 
that C is equal to zero in Eq. (2.18). Hence, for pointed shocks the
body shape is given by the quadrature only.
The Conical Shock
Axisymmetric Case-Cone
In the physical plane the shock shape is specified as
Tg = 6X , (3.1)
where g is the shock inclination. Substitution of Eq. (3.1) into the
general expressions (2.16) for H and G yields
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and
G = g2v2_ ,2)x
If these functions are substituted into Eq. (2.18b) straight forward 
evaluation of the quadrature yields
Thus the body shape for a conical shock is a cone, and if we define the 
body inclination 6 as
' Ÿ& '*00
then the ratio of the shock radius to body radius is
i  = ( ' (3-3)
In the limit K , equal to infinity Eq. (3.3) has the form
T  = , Kg = . .
Rasmussen [37] obtained Eq. (3.3) as part of an approximate solution 
of the hypersonic small disturbance form of the stream-function equation 
for the flow past a cone at zero angle of incidence. This expression 
also agrees with the asymptotic relation given by Chemyi [28, p. 227] 
for a cone with slight nose bluntness. Also, Eq. (3.3) agrees well with 
the exact computations of Sims [38] for small cone angles and large Mach 
numbers.
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To obtain the pressure distribution on the surface of the cone 
we substitute Eq. (3.1) and its derivatives into Eq. (2.28) and get
Cp^/62 = 2 , (3.4)
The pressure on the surface of a cone given by Eq. (3.4) is a good 
approximation only for values of Y near unity and for very large Mach 
numbers. This result is not unexpected because in the development of 
Hq. (2.28) the pressure was assumed constant between the shock and body. 
However, for a cone this is only approximately true since the pressure 
actually increases somewhat from the shock to the body. Thus, Eq, (3.4) 
is the first approximation to the pressure given by the small distur­
bance equations and is correct in the Newtonian limit Y equal to unity. 
Moo equal to infinity.
Planar Case-Wedge 
The shock shape is again given by Eq. (3.1), but for the plane 
shock we have
and
G ' ÿïT IT (S'- a!)
Substitution of these expressions into Eq. (2,18b) and subsequent inte­
gration yields
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We define 6 as
and, keeping only the physically relevant solution, we obtain for the 
ratio of shock and body angle
1-= + if - (3.G)
6
In the limit equal to infinity Eq. (3.6) has the form
Equation (3.6) is recognized as the result obtained by Van Dyke [9, p. 8] 
from a solution of the hypersonic small disturbance equations, and is ori­
ginally due to Linnell [39]. Chernyi [28, p. 80] shows that this result 
follows from an application of the equivalence principle to the flow over 
a wedge. Also Eq. (3.6) follows directly by applying the hypersonic small 
disturbance assumption to the oblique shock relations.
The pressure on the surface of a wedge is found by inserting Eq. 
(3.1) into Eq. (2.28) with j equal to zero- The result is
6
We find that Eq- (3.7) agrees exactly with the small disturbance result 
obtained by Van Dyke (9, p.8]. This is not surprising since for a wedge
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the pressure is constant between the shock and body, which is what we 
assumed in developing Eq. (2.28).
The Ogival Shock 
Axisymmetric Case-Ogive of Revolution
In a manner similar to that used by Van Dyke [9], we shall 
specify the shock shape as a power series expansion about the cone as 
follows :
r^ = gx(l -I- AX f ü)X^  T • (3.8)
Here g is the initial shock slope and A and w are parameters deter­
mined by a particular shape.
Substitution of (3.8) into (2.16) and expansion for small x 
yields the following expressions for H and G:
H = Hg(l + H^x + HgxZ + .,.) , (3.9)
G - C62v4 - a2)HgX(l . GjX T Ggx'  ^ ...) . (3.10)
Expressions for H^, G^, and G^ can be found in Appendix A.
Equations (3.9) and (3.10) are now substituted into Eq. (2.18b) 
Although the algebraic process is tedious, expansion for small x, inte­
gration, and manipulation yield the result
ry = 6x[l + A^Ax + (Bjü)+C a^ 2)x  ^ + . . . ] , (3.11)
where 6 is the initial body slope, given in terms of g by (3.5b). Re­
lations for the parameters A^, , and are listed in appendix B.
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Van Dyke [9, pp. 14-16] obtained an approximate shock shape 
for the ogive of revolution by a numerical solution of the small dis­
turbance equations. He specified the body shape as
i_r 1 C o I d  o -I
rb = Tb [x + J  ^  X + X + ...]
and the corresponding shock wave as
r  ^ = t [x  + J  Jic x^ + ^  [md+nc2) x 3 + . . . ]  .
A comparison between our equations and those of Van Dyke can be made 
if we let
1 = 6  , (3.12)
b = J  , (3.13)
m = ■g—g- , (3.15)
-3Ci
n = -^  , (3.16)
2B^(A^b)
where SL is the curvature ratio between the shock and body, and m and n 
are parameters that relate the shock shape to the body shape. Several 
values of Z, m, and n vs. computed by Van Dyke are shown in Figs.
(3.1-3.3) along with the plots of Eqs. (3.14-3.16), The present theory 
appears to be in reasonably good agreement with small disturbance theory 
for all values of m and n. In Fig. (3.3) there is a notable discrepancy
Van Dyke [9]
Present Theory, Eq. (3.14) 
Y = 1.405
1010.1 00
(/Q
W
Kg = M.5
Figure 3.1. Curvature ratio for the ogive of revolution.
m
Van Dyke [9]
Present Theory, Eq. (3.15)
1.405
10. 1 1
Kg =
Figure 3.2. Variation of m with for the ogive of revolution.
1. 0
0.8
0.6
n
O Van Dyke [9]
0.4
Present Theory, Eq. (3.16)
1.405
0.2 en
I  I J I..]j  1 I l  I I I J ■ l _ U
-0.9[
10
Kg =
Figure 3.3. Variation of n with for the ogive or revolution.
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in the values for n in the limit equal to infinity. This could in­
dicate a limitation on the present theory for large . However, Van 
Dyke noted that the greatest numerical error in his computations was 
expected for this case.
When we describe the shock and body given by Eqs, (3.8) and 
(3.11) as
it IIr " r '
r = r'x + “ X ^+ —^  x3 + s 0 2 6
and
j*l t ^ I TI
Î 0 o  O  i
r, = r X + T T  X + — T—  x^ + ...
D 0 2 6
the first two terms of the pressure coefficient, also expressed as a 
power series expansion, are given by
=Pb ' K F & T ) ]  =■ *.....
0 0 0
With the aid of Eq, (2.28) and the shock and body equations, the initial
surface pressure coefficient and initial pressure gradient can be found.
The initial pressure coefficient is
Cpb/r;' = 2 '
which is the value expected since the body shape as x approaches the 
origin is conical. Thus the surface pressure should be identical to 
the value we obtained for a cone with a slope r^. The initial pressure 
gradient is found to be
9C
3(r-?“xT = Ÿ T T ^  [ f  ^   ^ • (3.17)
0 0 1 f'g
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A plot of Eq. (3.17) is compared with the small disturbance results of 
Van Dyke in Fig. (3.4). For values of near unity the agreement is 
not good. As Kg increases the agreement improves and for Kg equal to 
infinity and Y equal to 1.405, the pressure gradient from Eq. (3.17) is 
4.3 compared to 4.93 given by Van Dyke. Also shown are the limiting 
values given by the cone-expansion and tangent-cone methods.
In the limit Y equal to unity, Mg, equal to infinity, Eq. (3.17)
yields
9C
P _ r f)
9(r'r"x) ' '
0 0
which is the Newton-Busemann, or Newtonian plus centrifugal result.
Planar Case-Plane Ogive
Following the approach for the ogive of revolution, we specify 
a two term expansion about the wedge as follows:
r^ = 6x(l + Ax + ..,) , (3.18)
where B is the initial shock slope and X is a parameter determined by 
a particular shape.
The functions H and G can be expressed as
H = Hq(l + H^x + ...) , (3.19)
2 (gZvZ-a?)
Ü  =  -
where
G Ÿ 7 T  ^  Ho(l T G^x + ...) , (3.20)
8C
 E _
3(r'r"x) 
0 0
6
Newtonian + 
centrifugal1.405
4
Van Dyke [9]
Present Theory, Eq. (3.17)
Cone-expansion
Tangent-cone
2
CM
00
Figure 3.4. Initial pressure gradient on the ogive of revolution.
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After Eqs. (3.19) and (3.20) are substituted into Eq. (2.18b) 
and expansion for small x and integration is performed, the body can 
be expressed as
r^ = 6x(l + AjAx + ...) , (3.21)
where 6 is the initial body slope given by (3 .5b). The parameter A^
for the plane ogive is
2[2(3Y-2)Kg + (3Y+7)K^ + 5-Y]
(l+YKgKg)(Y+l)2KgKg ”
where
Kg = Kg + [ ( ^ )  k 2 r  1 ] ^  ; Kg E M . g  .
In a manner analogous to that for the ogive of revolution. Van
Dyke specified the body for the plane ogive as
r^ = Tb(x + x2 + ...)
and the corresponding shock wave as
r^ = t (x  + j  £c x^ + ... )
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A comparison between our equations and those of Van Dyke can be made 
by referring to Eqs. (3.12-14). The curvature ratio Z is plotted in 
Fig. (3.5). This present theory agrees well with the small disturbance 
results for most values of K^, although agreement is noticeably better 
for Kg>>l.
The pressure coefficient can be expressed as a two term series 
expansion
Cpb = p S r  )  '  [  3 ( r ' r ” x )  1 *  +  ' ' '
0 0 0
Following the procedure used for the ogive of revolution, we obtain the 
initial surface pressure as
* F  I*"
which is as expected since this is the value for the wedge. The initial 
pressure gradient is found to be
T ( P 7 %  = ŸTT IT [ I  (Y+l) f  ^  F   ^ ’ (3-22]0 0  ^ Ag
where g/6 is given by Eq. (3.6).
Equation (3.22) is displayed in Fig. (3.6) and compared with the 
plot of an expression obtained by Van Dyke. The agreement is relatively 
good for Kg greater than unity. In the limit Y equal to unity. Moo 
equal to infinity Eq. (3.22) yields the Newton-Busemann value, that is,
9C-.
= 6.0 .3(r;r;;x)
r"
% = —  _?i
l.Or
Van Dyke [9]
Present Theory, Eq. (3.14)
1.405
.1 1 10
Kg =
Figure 3.5. Curvature ratio for the plane ogive.
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N)
Figure 3.6. Initial pressure gradient on the plane ogive.
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In this chapter we have found that conical and ogival shocks 
are supported by cones, wedges, and ogives. The bodies are given by 
algebraic expressions in terms of the shock parameters and ratio of 
specific heats. The body shapes agree well with those found by other 
methods and, in general, are obtained more easily. The surface pres­
sures on a wedge agree exactly with those found by Linnell [39] and 
Van Dyke [9], whereas the cone surface pressures agree with the small 
disturbance values only in the Newtonian limit. The surface pressures 
and initial pressure gradients on ogives are in good agreement with the 
values computed by Van Dyke [9] for large K^ .
CHAPTER IV
SLIGHTLY BLUNTED SHOCKS
General Considerations
In Chapter III we considered the flow past pointed bodies.
The body shape was found to be given by the quadrature in Eq. (2.18)
1/Y
since the term C/H is equal to zero.
In this chapter we shall consider the flow past slender slightly
blunted bodies. Two general types of shock shapes supported by these
bodies will be considered - the power-law shock and the hyperbolic
1/Y
shock. Since the bodies are blunted, the term C/H in Eq. (2.18) is 
not zero. One of our tasks is to estimate and interpret the contribu­
tion of this term to the body shape.
The ensuing analysis is restricted to the limit M„ equal to 
infinity. In this limit the quadrature for the body shape supporting 
a power-law shock can be integrated exactly, and the quadrature for 
the body shape supporting a hyperbolic shock, although not integrable 
exactly, reduces to a rather simple form.
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Power-Law Shock 
Body Shape
A general form of the power-law shock shape to be used in the 
following analysis is
r^  = Ax" . (4.1)
Throughout this chapter n is the shock power-law exponent only and, 
for convenience, will not be subscripted. With the use of Eq. (4.1) 
and the appropriate expressions for Vg, S, and v^ the functions H and 
G for equal to infinity are
0 YA^ 2(n-l)
H = v2 —  n(3n-l)x
4n-3
G = v2 n + %(3n-l)] (2n-l)x
for axisymmetric power-law shocks, and
H = v2 A2n(2n-l)x^(""l)
G = v3 ^  n + (2n-l)](3n-2)x^(""^]
for plane power-law shocks. The substitution of the above expressions 
into Eq. (2.18b) and subsequent integration yields
j^ + 1  ^ [(3-j)n-2+j]{[(3+2j)Y+l]n-Y-l| ^j+1^ + l ^
^ (y+l)[(2+j)n-l][n(y+2-j)-2+j]  ^ ° *o
(4.2)
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for the body shape. The first term on the right-hand side is contri­
buted by evaluation of the quadrature. The second term accounts for 
the blunt nose, where r^ is some initial contribution to the body shape 
resulting from the bluntness effects and is the axial coordinate at 
this point. Because of our original assumptions, the nose shape is not 
known (recall that we assumed all the energy added to the gas by the 
blunt nose was added instantaneously). Thus, it is necessary to de­
velop some method which will enable us to estimate r^ and x^ within the 
provisions of hypersonic small disturbance theory.
A requirement of slender body theory is that the body slope 6 
satisfy the condition 6<<1. If the Mach number is sufficiently large, 
the shock slope satisfies the same condition, that is, B<<1. In the 
following development B and 6 are interpreted as the local shock and 
body slopes. Thus, if 3 is of order unity, the shock slope is suffi­
ciently large to be considered in the nose region. Since the slender 
body approximations are not valid in the nose region, we shall use the 
condition 3 = 0 (1) to evaluate r^ and x^ as follows.
Differentiation of the shock shape given by Eq. (4.1) yields
! . n-1r^  = Anx ,
and thus
»3 - Anx
We now assume that 3 is equal to unity when x is equal to x^, that is,
n-1 
Anx = 1 
0
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It follows that
l/(l-n)
= CAn) . (4.3)
The above value for x insures that the point of evaluation of r is
o 0
in the nose region of the shock and body. It follows from Eq. (4.1)
that the shock radius at x is
0
n/(1-n)
rg^ = A(An) . (4.4)
In addition it is known that in the region of the nose, the
body is of the same order of magnitude as the shock. Furthermore, for 
small e we assume
Tbo = iSo - (4.5)
This assumption increases in accuracy as Y approaches unity. For values 
of Y larger than unity the body radius is overestimated initially. How­
ever, our objective is not to determine the nose shape, but to obtain a 
reasonable estimate of the influence of the entropy-displacement on the 
asymptotic body shape.
If we define the quantity as
- [(3-j)n-2+j]{[(5^2j)Vfl]n-y-li 
S+1 " (Y+l)[(2+j)n-l][n(Y+2-j)-2+jJ ’
Eq. (4.2) can be recast in the form
o
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At the initial condition x is equal to and is equal to rg^; there­
fore, solving (4.6) for r^ yields
Figure (4.1) illustrates the displacement effect of r^. If Eqs. (4,4) 
and (4.7) are combined and substituted along with Eq. (4.3) into Eq. (4.6), 
the body shape is given by
^b
(2-j)(n-l)+Y (Y+2-j)n-2+j 
( l - G j + l )  [A n
(4.8)
Equation (4.8) is the body shape for a power-law shock in the limit M*, 
equal to infinity. For a given shock shape and Y, the body is completely 
specified. However, there are certain restrictions on n which are enumer­
ated in following sections.
Equation (4.8) has the same form as obtained by Guiraud at al.
[24, pp. 174-177] for a solution of the inverse problem posed by Sychev 
[17]. They chose the shock shape as
Is = '
and continue the development with the pressure given by the self-similar 
or "homogeneous” solution. However, the other flow quantities are found 
from the Rankine-Hugoniot conditions across the detached shock, rather
Body
Quadrature + Entropy-Displacement 
Quadrature
shock ~x
r
Xo
Figure 4.1. Illustration of the entropy-displacement effect,
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than from the small-disturbance equations. A term is defined that re­
presents the displacement effect of the entropy layer and enables the 
body shape to be described in the form
Y_i -1/Y -2/Y+(j+l)/(1-n) j+1 2(l-n)/v
YTY (Pbü) I(j,Y,n)K L (i)
(4.9)
Here is equal to r^/r^ and pj^  ^is equal to Pj^ /Pg as determined from 
the self-similar solution, while I(j,Y,n) is computed from a quadrature. 
The first term on the right-hand side represents the self-similar body, 
whereas the second term is a result of the displacement effect of the 
entropy layer. This equation is written under the condition 
2/(3+j)<ji<2(Y+l)/[ (3+j)Y+2], since Sychev demonstrated that for 
2(Y+l)/[(3+j)Y+2]<n<T the displacement effect of the entropy layer is 
of smaller order than the error introduced by the small disturbance 
equations. When n = 2/(3+j) the self-similar solution yields a vanishing 
body. Thus, is equal to zero and Eq, (4.9) is written as
.ry r Y , 2 (Y-l)/Y _ -1/Y l/(j + l)
2(Y-l)/[(j+l)Y] -[2/(3+j)](Y-l)/Y (4.10)
K (^)
where the subscript BW stands for "blast-wave". This result has also 
been obtained by Yakura [19, p. 450].
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Before comparing Eqs. (4.8) and (4.9) further, we must estab­
lish the similarity of the second term on the right-hand side of Eq.
(4.8) with the entropy-displacement term in Eq. (4.9).
Entropy-Displacement Effect 
If the so-called entropy-displacement term in Eq. (4.8) is a 
reasonable approximation of the same term in Eq. (4.9) it must have a 
negligible displacement effect for the same values of n. To show 
that this is the case, we take the ratio (r^/r^)^*^ in Eq. (4,8) and 
require that the second term on the right-hand side be of order or 
smaller. Thus, we set
(2-j)(n-l)+Y (Y+2-j)n-2+j 77^ ^   ^ 2(l-n)/Y
(1-Ç )[A n ]Cl-n)Y X = 0(8%) .
i-s
(4.11)
A close examination reveals that the coefficient of x is approximately 
of order unity or smaller, that is,
(2-j)(n-l)+Y (Y+2-j)n-2+j (l+l)/[(l-n)Y]
(l-Sj+l)[A n ] - 0(1) .
Furthermore, we know that
and
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Hence, Eq. (4.11) can be recast in the form
-(j+l)n 2(l-n)/Y 2(n-l)
X X = X
Consequently, the entropy-displacement term in Eq, (4.8) is negligible 
only if n>n* where n* is given by
(j+l)n* - = 2(l-n*)
or
2(Y+1)n* =
( 3 + j ) Y + 2
This is recognized as the same result obtained by Sychev.
It appears that Eq. (4.8) is a good approximate form of Eq.
(4.9). The proof of this is left to the following section. Although
Eq. (4.9) is a rather straightforward expression itself, it should be 
noted that and pbj^  must be obtained from a numerical solution of 
the small disturbance equations, and I(j,Y,n) is determined from a 
quadrature that, in general, must be numerically evaluated. In con­
trast Eq. (4.8) is an algebraic expression in terms of the known para­
meters Y, n, and A, and the independent variable x.
Body Shape as a Function of n 
Since we are dealing with power-law shocks over slender convex
bodies, the range of n we shall consider in detail is 0<n<l. However,
it is of interest to consider briefly the special case n equal to unity.
If n is equal to unity the shock [given by Eq. (4.1)] is conical 
and A is equal to p. Consequently r_ is equal to zero, and the body
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shape is given by the first term in Eq. (4.8) where
^j+1 Y+l '
from which it follows that
• (4,12)
This is precisely the result obtained from Eqs. (3.3) and (3.6) for the 
flow over cones and wedges with set equal to infinity.
For n in the range 2(Y+1)/[(3+j ) y+2]<n<l we have determined 
that the entropy-displacement effect is negligible. Therefore, within 
the error of the small disturbance assumptions we have
^  (4.13)
s
from Eq. (4.8), and
from Eq. (4.9). Kubota [40] and Mirels [41] numerically integrated the 
small disturbance equations to obtain values for The basic equa­
tions used in this method are given by Mirels [42, p.9]. Another ap­
proach, an approximate analytical solution based on the work of Sakurai 
[10] and generalized by Mirels [41], is summarized in reference [42, pp. 
21-22]. Using an integral approach, Chernyi [27] obtains an algebraic 
expression for the body shape similar to Eq. (4.13), but not valid for 
n = 2/(3+j). Chemyi's technique is also summarized by Mirels [42, pp.
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41-42]. Numerical data for the ratio of body shape to shock shape ob­
tained from the methods just mentioned are tabulated in reference [42, 
p.11] and are listed in Table 4.1 along with data from Eq. (4.13]. For 
axisymmetric bodies (j=l) numerical data from Eq. (4.13) agree rather 
well with the exact solution, especially for Y not too different from 
unity. The agreement is not as good for planar bodies (j=0), particu­
larly for the larger values of Y ; however, all of the approximate solu­
tions deviate somewhat from the exact small disturbance solutions for 
large Y (e.g., T = 5/3] and n approaching 2/(3+j].
If n lies in the range 2/(3+j]^n<2(Y+l]/[(3+j]Y+2] the displace­
ment effect of the entropy layer is important. Thus, the body shape is 
given by both terms in Eqs. (4.8] and (4.9). To illustrate the applica­
tion of Eq. (4.8] we arbitrarily specify an axisymmetric shock with the 
shape
r = /2 x'533 . (4.15]s
The resulting body shape is
rjj = (1.11x1-067 + l.086x'067]i , (4.15]
for Y equal to 7/5.
For the planar case we choose the shock
rg = x-70  ^ (4.17]
and the corresponding body is
ry = .340X-70 + .478x'42B  ^ (4.18]
for Y equal to 7/5.
Equations (4.15-16] and (4.17-18] are plotted in Figs. (4.2] 
and (4.3], respectively. In these figures the larger body represents
Table 4-1. Body Shape Associated with A Power-Law Shock (Zero Order Problem)
Y 6^
NUMERICAL 
SOLUTION 
KUBOTA [40]
APPROXIMATE 
SOLUTION 
SAKURAI[10]
APPROXIMATE 
SOLUTION 
CHERNYI[27]
APPROXIMATE 
SOLUTION 
Eq.(4.13)
Tb/rs ib/rs fb/rs 4)/:^ s
j=0 j=l j=0 j=l j=0 j=l j=0 i=i
1.15 0 .930 .965 .930 .965 .930 .964 .930 .964
1/3 .891 .945 .891 .945 .886 .941 .885 .940
1/2 .852 .924 .852 .924 .843 .918 .841 .917
5/8 .803 .898 .801 .897 .789 .888 .787 -887
3/4 .716 .845 .710 .846 .698 .835 ,695 .833
7/8 .535 .735 .513 .724 .514 .717 -511 .715
1 0 0 0 0 0 0 0 0
1.40 0 .833 .915 .833 .915 .833 .913 .833 .913
1/3 .759 .875 .760 .875 .755 .869 .750 .867
1/2 .695 .839 .695 .839 .688 .829 .679 .824
5/8 .623 .796 .619 .795 .613 .783 .601 .775
3/4 .513 .725 .499 -719 -501 .708 -490 -699
7/8 .333 .589 .284 .561 .322 .567 .309 .555
1 0 0 0 0 0 0 0 0
1.67 0 .749 .870 -749 ,870 .749 .865 .749 .865
1/3 .658 .819 . 660 .819 .660 .812 ,649 .810
1/2 .585 .776 .586 -776 .588 -767 -570 ,755
5/8 -509 .727 .505 .726 .513 .717 .490 .700
3/4 .404 -652 -385 .644 .408 .639 .381 .617
7/8 .248 .518 .186 .480 .252 .502 .227 .477
1 0 0 0 0 0 0 0 0
cn
Cn
6 - (-^  -1) in this table only,
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Eq.(4.16)
Quadrature + Entropy-Displacement
-----  Quadrature
r_ = v2x
Figure 4.2. Body shape for an axisymmetric power-law shock.
Quadrature + Entropy-Displacement
Eq. (4.18)
Quadrature .7010
5
0
20 250 5 10 15
Figure 4.3. Body shape for a plane power-law shock,
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the contributions from both the quadrature and entropy-displacement 
terms, whereas the smaller body is obtained from the quadrature term 
only. For the particular values of n chosen in the above examples it 
is apparent that the entropy-displacement effect contributes signifi­
cantly to the body shape. As n increases toward 2(Y+l)/[(3+j)Y+2] the 
entropy-displacement effect becomes less important. This is also true 
as Y approaches unity. On the other hand when n decreases in value com­
pared to the above example, the entropy-displacement term makes a greater 
contribution to the size of the body, and when n = 2/(3+j) the entropy 
displacement effect is the body.
In the limit n = 2/(3+j) the self-similar solutions of the small
disturbance equations yield a vanishing body (nb^=0). This particular
solution is referred to as the constant-energy or blast-wave solution. 
Blast-wave solutions stem from the works of Sedov [3,5], Taylor [6], 
Sakurai [10,11], and Lees and Kubota [14]. From the blast-wave solutions 
we find that a power-law shock with n = 2/(3+j) is supported by a body 
that does not grow with x. However, it was first shown by Sychev [17] 
numerically, and then by Yakura [19] analytically, that bodies for 
n = 2/(3+j) vary asymptotically as
If we examine Eq. (4.8) we find that + is equal to zero for 
n = 2/(3+j) and it follows that
r, = [A ( ^ )  C4.19)
Thus, we also find that the blast-wave shock produces a body which grows
asymptotically with x.
A comparison between the numerical values computed from Eq. (4.19)
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and those obtained by Yakura [19] and Guiraud [Eq. [4.10)] can be made 
by specifying the following shock shape
r, . 2^^' . (4.20,
If the shock is axisymmetric the corresponding body obtained from Eq. 
(4.19) for y equal to 7/5 is
r^ = 1.28  ^ (4.21)
whereas Yakura and Guiraud found that
r^ = 1,39 x^/1* (4.22)
In a similar manner we find that for the planar shock
r^ = 0.80  ^ (4.23)
whereas Yakura and Guiraud obtained
r^ - 0.91 _ (4.24)
The agreement between Eqs. (4.21-22) and (4.23-24) is very good, espec­
ially when we consider the simplicity of our approximate analysis, For 
the axisymmetric shock further comparisons are made with the works of 
Sychev [17] and Schneider [26], with all of the results displayed in 
Fig. (4.4). In the case of the planar shock Eqs. (4,23-24) are compared 
in the plots in Fig. (4 5)
If n has a value n^2/(3+j) there are no self-similar solutions 
to the small disturbance equations Therefore, the solution given by
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Yakura, Eq, (4.22) 
Schneider [26]
O O O Sychev [17]
Present Theory, Eq. (4.21)
Figure 4.4. Body shapes for an axisymmetric parabolic shock.
Y a k u r a ,  E q .  ( 4 . 2 4 )
Present Theory, Eq.(4.23)
Body
10
Y = 7 / 5
5
0
0 10 1 5 20 255
Figure 4.5. Body shapes for a plane parabolic shock.
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Eq. (4.9) is not applicable for these values of n. Freeman [21] and 
Mirels [41,42] discuss solutions for this range of n.
Upon examination we find that the body given by the present 
theory, Eq. (4.8), is not realistic for n<2/(3+j) The quadrature term 
contributes a negative quantity to the body shape, while the entropy- 
displacement contributes a term that grows faster than the shock for 
certain values of n. Hence, we shall consider the solution given by 
Eq. (4.8) to be valid only in the range 2/(3+j)s.ns.l.
Pressure Distribution 
For a power-law shock, the pressure on the body surface can be 
found by substituting Eq. (4.1) into Eq. (2.28) with equal to infin­
ity. The resulting pressure distribution is
^Pb = [n(2+j)-l]x-2(l-n) , (4.25)
In the limit n equal to unity, the shock is conical and A is equal to 
6. In this limit the pressure coefficient has the value
CL^/62 = 2i(Y+l)l-j ,
Pb
which is recognized as that for the cone or wedge in the limit equal 
to infinity.
If the shock has a parabolic shape, that is, varies as x2/(3+j) 
then the pressure on the corresponding body is correctly given by the 
blast-wave solution. Thus, the blast-wave pressure is the correct 
pressure for a parabolic shock, but it corresponds to a body that grows
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as %2/[C3+j)Y] j£ we specify an axisymmetric parabolic shock given 
by Eq. (4.20), the pressure obtained from Eq. (4.25) is
X-: . (4.26)
compared to Yakura's result
0-373 ^-1 _ (4.27)
Pcovl Y+1
which is also the pressure found from the blast-wave solution. In a 
similar manner the surface pressure for a plane parabolic shock is
. (4-28)
PooVi
whereas Yakura obtained
Poo''c»
Comparisons of the pressures from Eqs. (4.26-29) are made in Figs. (4.6) 
and (4.7). Also shown in Fig. (4,6) is the pressure obtained by Schneider 
[26]. Although the pressures given by the present theory are somewhat 
high the approximation is, in general, acceptable. For instance, as n 
approaches unity the pressures given by Eq. (4.25) become more accurate, 
and for n equal to unity (4.25) yields the exact value on the surface of 
a wedge.
Hyperbolic Shock 
In the following sections expressions for the body shapes sup­
porting axisymmetric and plane hyperbolic shocks are developed. The
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------- Present Theory, Eq. (4.26)
Schneider [26] 
Yakura, Eq. (4.27)
Pb
Y = 7/5
0.01
0 5 10
Figure 4.6. Body pressures for an axisymmetric parabolic shock.
•—  —  —  Present Theory, Eq.(4.2S)
  Yakura, Eq. (4.29)
Y = 7/5
Pb
0.01
0 5 10
Figure 4.7. Body pressures for a plane parabolic shock,
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analyses are carried out at equal to infinity. Yakura [19] solved 
similar problems and found that the bodies were blunted cones and wedges.
Axisymmetric Case 
We describe a hyperbolic shock by the formula
r^ = (A^x + b 2x 2)^ . (4.30)
The functions H and G are obtained from (2.16) as
? Y A^/4 + 2A2b 2x + 26^x2
H = ŸTi -----------------  ,
°° (A2x + B2x2)
and
G = — ^^(A2b2 + 2B‘+x ) .
” (Y+1)^
If these expressions are substituted into Eq. (2.18b), the body shape 
can be written as
-2 -2 1 1 r!
Y+1 L  n S S 0 .2Jo _A_ + _2
8B
(4.31)
The second term on the right-hand side of (4.31) is a result of the
entropy-displacement. We can evaluate r^ and rg^, in a manner similar
to that for power-law shocks, by requiring that r^ equal unity when x
eouals X . If this is accomnlished and. in addition, we make the trans- 0  .  -
formation of variable
Eq. (4.31) can be recast as
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W = r2 
A‘*
W 1/Y
where
2B^
l-fi2
/s
'Y+1
Y-1
_l+Wso 1/Y
(& )  '  «  * 1 •
0 o
Y-1 1/Y
o
W
(4.32)
(4.33)
and
0<B<1.
The range of B does not severely restrict applications of the 
above theory since the asymptotic shock slope B should be less than 
unity to be consistent with the small disturbance approximations. Also, 
B must be greater than zero so that the variable W is non-zero. If 
Eqs. (4.32) and (4.33) are combined the body shape can be expressed as
W. 1/Y
LY+1
,Wc
Wc
Y-1
(— ) ' '-1+W^ dW +
1 -R2
] (4.34)
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In general, the quadrature in Eq. (4.343 must be evaluated numerically, 
However, for W equal to infinity the body shape can be written in the
s
form
2
fb/fs = 'ÿTTÎ ■ "s'” - (4-35)
Thus, the body shape is asymptotically conical. Yakura [19] found 
that an axisymmetric hyperbolic shock was supported by the flow over 
a blunted cone. He chose a shock with an asymptote of 22 degrees and 
found a body with an asymptote of 20.032 degrees for Y equal to 7/5,
A plot of Eq. (4.34) for y equal to 7/5 and B equal to 0.3839 radians 
(22 degrees) is displayed in Fig. (4.8). The body asymptote, computed 
from Eq. (4.35), is 0.3502 radians (20.06 degrees) which agrees very 
well with Yakura's result.
The pressure on the body surface is found by substituting Eq. 
(4.30) into Eq. (2.28) with set equal to infinity. The pressure dis­
tribution can be expressed as
4b2 l-Wg
C p b  -  Ÿ T T  I -ÿÇ- J •
If B is defined in terms of the asymptotic cone angle 6^  as follows;
b 2 = ^  02 (4.36)
we can write
5 1+Wc
66
15
  Eq. (4.30)
  Eq. (4.34)
Y = 7/5
10 0.3839
shock
body5
0
0 5 10 15 20 25
"x = *
Figure 4.8. Body supporting an axisymmetric hyperbolic shock.
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In the limit equal to infinity the above expression reduces to
Cj^/e2 = 2 . W; . . .
which is the value we found for the pressure on the surface of a cone.
If we substitute the appropriate values for the hyperbolic 
shock into Eq. (2.32) with j equal to unity and equal to infinity, 
and evaluate the resulting expression at x equal to zero, the nose 
drag coefficient is found to be
where rj^ is the radius of the nose. The variable can, with the use 
of Eq. (4.30), be recast in the form
W = W + -^  W2 , 
s X 8 X
where
= (8b2/a2)x .
We can remove the dependence of on the shock parameters A and B with 
the application of Eqs. (4.36) and (4.37) and obtain
. (4.38,
^ Cn ^ N
%
Where d^ = 2 r%.
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The total drag coefficient, obtained from Eq. (2.32) with equal to 
infinity, can be written in terms of Wg and as
2
1 . W 2 (4+w )
V ® b  = ~  -1] [1+ iTcFiT)"  ^ ^
Chernyi [28, pp. 226-231], with a solution of the direct problem, 
showed that the drag coefficient for a blunted cone has a minimum. This 
has also been experimentally verified e.g., Cleary [43]. Thus, slight 
blunting can decrease the drag of a cone. A plot of Eq. (4.39) is shown 
in Fig. (4.9) and it is apparent that the drag coefficient does not have 
a minimum. The difference between our solution and Chernyi's is that we
have added a constraint to the problem by specifying the shock shape.
The shock obtained by Chernyi has a slight inflection downstream whereas 
the shock given by Eq. (4.30) does not have an inflection Basically, 
the two problems are not the same since Chernyi's body is conical except 
for the blunted nose, whereas the body given by (4.34) is conical only 
in the asymptotic sense.
Planar Case
For a plane hyperbolic shock we prescribe a shape given by
- 3/2  ^- 3/2 _  ^  ^ (4.40)
where r is equal to r/B, x is equal to x/A, and B/A is the slope of the
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Figure 4.9. Drag coefficient for an axisymmetric hyperbolic 
shock.
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shock asymptote. The shock shape for the planar hyperbolic shock must 
be given in a different form than the shock shape for the axisymmetric 
hyperbolic shock. The reason is that for small x, the shock radius 
given by Eq, (4.30) varies as x^. However, the quadrature term in the 
general solution, Eq. (2.18), is not valid for power-law exponents less 
than 2/3 for planar shocks. This problem is eliminated with Eq. (4.40) 
since for values of x near unity the normalized shock thickness varies 
as Cx
For a shock given by Eq. (4.40) the functions H and G are:
Substitution of the above expressions into Eq. (2,18b) enables us to 
write the body shape in the form
1 r 2
/•X
^ jr. ^
^b  ^^1/Y [ Y+1 ]_ uY-l/Y dx + fbg ] , (4.41)
%o"
where
X  - ''2
--2(-3/2_i)2/3
G  = + (Y+1)/(8Y)
-3/2
71
3 -2/3
„  ^1+(B/A)3
° 2(B/A)^x
= _ (B/A)
^ 0  ■ X.
o
2
The second term on the right-hand side of Eq. (4.41) represents the 
displacement effect of the entropy layer. The procedure for obtaining 
the terms x^ and is the same as that described previously for power- 
law and axisymmetric hyperbolic shocks.
A simple numerical integration will yield values for the body 
shape given by Eq. (4.41). For x equal to infinity, the quadrature in 
(4.41) can be evaluated exactly and the body shape can be written as
ry/i-g = Ÿ7Ï . X = " , (4.42)
which is the asymptotic shape for a blunted wedge. Yakura [19] found 
that the body supporting a plane hyperbolic shock is a blunted wedge.
He specified a shock with a 24.30 degrees asymptote, and found that the 
body asymptote was 20 degrees for T equal to 7/5. A plot of Eq, (4.41) 
for Y equal to 7/5 and B/A equal to 0.4241 radians (24.30 degrees) is 
shown in Fig. (4.10). The body asymptote, computed from Eq. (4.42), is 
0.3532 radians (20.19 degrees) which is in good agreement with Yakura's
•v»octi 1 f"
72
r
B
"Pb
20
shock15 Y = 7/S 
B/A = 0.4241
10 ody
Eq. (4.40) 
Eq. (4.41)
5
0
20 2515100 5
}C
A
Figure 4.10. Body supporting a plane hyperbolic shock.
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Figure 4.11. Body pressure for a plane hyperbolic shock.
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The application of Eqs. (4.40) and (2.28) with equal to in­
finity yield the following equation for the surface pressure:
2 2 , 2 X 3/2 _i
(r) [ “t"Pb Y+1 "A" 3/2_i)2/3
However, since
,Y+1,2 2
a2 = (^5-)
it follows that
3/2
A plot of Eq. (4.43) for Y equal to 7/5 is displayed in Fig. (4.11).
For X equal to infinity (4.43) reduces to
Cpb/Gb = Y+1 , X = . ,
which is recognized as the value of the surface pressure coefficient on 
a wedge for equal to infinity.
Our investigation of blunted shocks has been restricted to 
power-law and hyperbolic shapes in the limit equal to infinity. For 
power-law shocks the body shape is expressed algebraically. We found 
that for certain values of the shock power-law exponent ng the entropy- 
displacement thickness contributes significantly to the body shape. The 
body shape and surface pressures agree well with those found by Yakura 
[19], Guiraud et at. [24] and Schneider [26]. In the case of hyperbolic
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shocks we found, as did Yakura [19], that the related bodies are 
blunted wedges and cones. The surface pressure far downstream for the 
blunted wedge agrees with the value given by Chernyi [28], but the 
surface pressure for the blunted cone is accurate only in the Newtonian 
Limit. Chernyi also found that a plot of the drag coefficient for a 
blunted cone exhibited a minimum. However, because of the restrictions 
we imposed on the flow by specifying the shock shape, the drag coeffi­
cient given by the present theory does not have a minimum.
CHAPTER V
CONSTANT RADIUS AND CONSTANT THICKNESS BODIES
Shock Shape and Pressure Distribution 
In previous chapters we dealt with the inverse problem. In 
this chapter a special case of the direct problem is considered, that 
is, non-growing bodies. The shock shapes for these bodies were de­
veloped in Chapter II and are given by Eq. (2.26). If Eq. (2.26) is 
recast by a transformation into physical coordinates, the shock shape 
has the form
(5.1)
Evaluation of the constants of integration requires a know­
ledge of the shock shape in the region of the nose. In general this 
information is not available from the present theory and must be ob­
tained by some other means. If the nose shock shape is known, the 
downstream shock shape can be determined from Eq. (5.1). However, it 
is preferrable if the asymptotic shock shape is obtained without a 
knowledge of the nose shock shape. To accomplish this we shall assume 
that at the initial point of integration of Eq. (5.1), the shock is
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attached to the body. For a flat-faced body we have the situation 
depicted in Fig. (5.1).
shock
d/2
0
0 X
Figure 5.1. Illustration of the shock attachment.
Having made the assumption that the shock is attached to the 
leading-edge of the body, we require that the shock slope r^  and the 
shock curvature r^ remain finite at the point of attachment. To sat­
isfy these requirements we set the constants equal to
differentiation of Eq. (5.1) yields
zero. Thus,
K.
J
(5.2)
The problem of determining the shock shape has been considerably sim­
plified because can now be evaluated in terms of the nose drag.
The drag on a slender body is given by Eq. (2.32). If Eq.
(5.2) is substituted i lo (2.32) with equal to infinity, the drag 
can be expressed as
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- A ; *
S s
which after further simplifications, reduces to
D,x, = D, - p A ' - j  A a  [ - 1 ^  , . (S.3)
As expected, the drag of a non-growing body is constant and is caused 
by the blunt nose. It follows that
where r^ =^r^  is the body radius or half the thickness. Furthermore, if
we define the function f!(Y) as
3
 ^ 2^  (3Y-1)
Kj can be recast in the form
Kj = , (5.4)
where d is the diameter or thickness of the body. Substitution of the 
non-dimensional variables x = x/d, and r = r/d into Eq. (5.1) and sub­
sequent integration yields
 ^ " 4 ifo T  +
_ L & K  i + [ l  + 1 / ( 8 0 ]  ,.  I ( 5 . 5 )
4e ï^+[r2+l/(8e)]
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as the shock shape for a circular cylinder, and
X =   [ C 2 e f  -l)(4ef +ir-(e-l)(2e+l)^] ( 5 . 6 )
ÔEi^^f'CY)  ^ ^
as the shock shape for a flat-plate. As r tends to infinity the shock 
shape has the form
r~fj(Y)CD/x^ , = , (5.7)
for the circular cylinder, and
1/3 2/3
r~ f^(Y)Coj^ X , " , (5.8)
for the flat-plate, where
3_. (2-j)/(3-j)
f.(Y) = [ f4- f (Y) ] . (5.9)
J J
The pressure on the body surface is given in general form by 
Eq. (2.28). The term r^ can be expressed in terms of known quantities 
by differentiating Eq. (5.2). The result is
which upon substitution into Eq. (2.28) yields
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As f tends to infinity the surface pressure can be written in the form
ip.v: I 8C3Y-1) J CON X
~ f * ( Y ) C D / x " ^  , C5 .ll)
for the circular cylinder, and
AP r /2CY+1)^(Y-1) 2/3 2/3 --2/3
v2 '■ 3C3Y-1) J %
* 2/3 -2/3
a , , C5.12)
for the flat-plate.
Comparisons with other Theories and Experiments 
In the development of Eqs. (5.5) and (5.6) we assumed that the 
shock is attached to the body as depicted in Fig. (5.1). The nose 
shape is unknown and is imagined as being flat. Thus, there is a cer­
tain amount of arbitrariness involved concerning the location of the 
flat nose of the theoretical body when we compare our data with the 
data from other theories and experiments. As an example, consider the 
hemisphere cylinder sketched in Fig. (5.2)
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(a)
(b)
Figure 5.2. Location of the nose for the theoretical body.
The nose of the body used in the present theory, shown by the 
dotted lines, could be placed at the shoulder of the hemisphere cylin­
der as in Fig. (5.2a). Another possibility is that both bodies could 
be matched at the nose as in Fig. (5.2b). The method we shall use is 
that depicted in Fig. (5.2b).
In the figures to follow the abcissas for all of the shock 
shapes are given in terms of x/d, and are measured relative to the 
nose of both bodies as shown in Fig. (5.2b). This is also true for 
the pressures when compared with the theoretical data of Van Hise, for 
example. Figs. (5.8) and (5.9). However, the experimental pressures 
given by Mueller [see Figs.(5.14-17)] are measured relative to the
81
shoulder of the particular nose cylinder combination. Thus, the pres­
sures obtained from Eq. (5.10) and displayed in these figures are
suitably adjusted. For instance, if the shoulder for the experimental
model occurs at x/d equal to &, then this location is x^/d equal to
zero. The pressure at this location from the present theory is that
obtained for x/d equal to i in Eq. (5.10).
Equations (5.7-8) and (5.11-12) are asymptotic forms of the 
solutions for the shock shape and pressure distribution. In a functional 
form, they correspond to the exact solutions for a violent explosion of 
a line and plane charge (blast-wave solutions) as presented by Sedov 
[29]. Chernyi [28, pp. 209,215] obtains the same functional forms for 
the flow past a circular cylinder and flat-plate. He also considered 
the flow past blunted cones and wedges and obtained analytic expressions 
for the shock shape and pressure distribution in the limit 6 (body half 
angle) equal to zero. In this limit the functions f^(Y) and ft(Y) ob­
tained by Chernyi are algebraically identical to those given by the pre­
sent solutions. The variations of f. and f* with Y are shown in Figs.
J J
(5.3) and (5.4), and are compared with the numerical values found by 
Sedov.
Van Hise [44] studied the induced pressures and shock shapes on 
long bodies of revolution with varying nose bluntness. He used the 
method of characteristics and assumed a perfect gas. The fluid mediums 
investigated were air and helium, and the Mach number range was 5 to 40.
He also found that the shock shapes and pressures computed by the theory 
of characteristics could be approximated by semi-empirical equations
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fj(Y)
1.25
0.75
Sedov [29]
Eq.(5.9) 
Chernyi [28]
0.25
2.01.51.0
f*(Y)
0
0
Sedov [29]
Eq. (5.11) 
Chernyi [28]
2.01.51 . 0
Figure 5.3. Variation of and with Y.
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fo(Y)
1.25
0.75
Sedov [29]
Eq.(5.9) 
Chernyi [28]
0.25
2 . 01.51 . 0
f%(Y)
0.4
0.2
Sedov [29]
Eq. (5.12) 
Chernyi [28]
0
2.01.51.0
Figure 5.4. Variation of and f* with Y.
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from second-order blast-wave theory. These equations for air and 
helium, respectively, are:
f = 0.98(x , (5.13a)
p wfCDN*
^ = 0 . 0 6  ---------0.55 , (5.13b)
X
and
f = 1.07(x Cp 1)°'^^ , (5.14a)
p NfCo.*
0.075  0.55 . (5.14b)
Lukasiewicz [45] presents blast-analogy solutions derived from 
the first and second-order blast-wave approximations developed by 
Sakurai [10,11]. The second-order approximations given by Lukasiewicz 
for Y equal to 7/5 are
M!CDM(0.774)
f = ------   , (5.15a)
MiCCDw/ï) -1'09
-2- = 0.121 M2(Cn /S)2/3 + 0.56 (5.15b)
for plane flow, and
r = MjCo *(0.834) (-- ^-?j*(l+ ililZji , (5.16a)
E_E_= 0,074 -- =-^+0.44 (5.16b)
Pee ^
for axisymmetric flow.
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Figures (5.5-9) display shock shapes and pressure distributions 
which are typical of the results obtained by Van Hise, Equations(5.5) 
and (5.10) representing the shock shapes and surface pressures from the 
present theory are also shown. In addition, in Figs. (5.5), (5.7), and 
(5.9) these results are compared with Eqs. (5.16) given by Lukasiewicz.
Generally, the agreement among the theories presented is good. 
For the shock shapes the agreement of the data is quite good for x/d 
not too near the nose. The surface pressures agree rather well for x/d 
not too near the shoulder. In Figs. (5.8) and (5.9) the pressures from 
Eq. (5.10) are computed with the counterpressure term (p^ - 1.0) neg­
lected.
Mueller et dl. [46] experimentally investigated the induced 
pressures and shock shapes on axisymmetric cylindrical models with 
various nose shapes. The tests were accomplished in the Langley Research 
Center 2-inch helium tunnel at free-stream Mach numbers from 15.6 to 21. 
The models were 0.090-inch-diameter circular cylinders with a length of 
5 inches.
Figures (5.10-13) display the shock coordinates obtained by 
Mueller for circular cylinders with a modified hemispherical nose, hemi­
spherical nose, 90° conical nose, and a flat-nose, respectively. Figures 
(5.14-17) show the variation in surface pressure for the same nose-cyUn­
der combinations. Also shown in all figures are the smooth curves com­
puted from Eqs. (5.5) and (5.10). The shock shapes are seen to agree 
very well for x/d not too near the nose. In Figs. (5.11) and (5.13) the 
data obtained by Vas (discussed below) are displayed, and yield shapes
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Figure 5.5. Shock shape for a circular cylinder with a pointed hemispherical nose (Y = 7/5)
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Figure 5.6. Shock shape for a circular cylinder with a pointed hemispherical nose (Y=5/3).
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Figure 5.7. Shock shape for a circular cylinder with a conical nose.
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Figure 5.8. Surface pressure on a circular cylinder with a pointed hemispherical 
nose (Y=5/3).
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Figure 5.9. Surface pressure on a circular cylinder with a conical nose.
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Figure 5.10. Shock coordinates for a circular cylinder with a modified hemispherical
nose.
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Figure 5.11. Shock coordinates for a circular cylinder with a hemispherical
nose.
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Figure 5.12. Shock coordinates for a circular cylinder with a 90° conical nose.
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Figure 5.13. Shock coordinates for a circular cylinder with a flat nose.
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Figure 5.14. Surface pressure on a circular cylinder with a modified hemispherical nose.
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Figure 5.15. Surface pressure on a circular cylinder with a hemispherical nose.
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Figure 5.16. Surface pressure on a circular cylinder with a 90° conical nose.
JL
Poo
70
O  Experiment, Mueller [46] 
  Present Theory, Eq. (5.10)
1.76
10
Oo
1
100
Figure 5.17. Surface pressure on a circular cylinder with a flat nose.
99
which are somewhat larger than those found by Mueller and the present 
theory. This is probably due in part to the relatively low Mach 
number (M^= 13) of the tests conducted by Vas.
Vas et al. [47] experimentally investigated the shock shapes 
about cylinders and flat-plates with hemispherical, hemicylindrical 
and flat leading edges. Tests were conducted in the Princeton Univer­
sity helium hypersonic tunnel at a Mach number of approximately 13. 
They found that the shock shapes could be approximated quite well by
and
0.49
f = 2.0 X (5.17a)
f = 1.75 (5.17b)
for flat plates with square and round leading edges, respectively, and
0.42
f = 1.4 X (5.18a)
and
0.45
f = 1.1 X (5.18b)
for circular cylinders with flat and hemispherical noses, respectively. 
The shock shapes observed for the flow around the cylinders are dis­
played in Figs. (5.11) and (5.13). Shock shapes from the tests conducted 
for flat-plates are shown in Figs. (5.18) and (5.19), and are compared 
with the shapes computed from Eq. (5.6).
Cheng et al. [16] obtained the shock shapes for the flow over 
flat-nosed flat plates, in the Cornell Aeronautical Laboratory hyper­
sonic shock tunnel, for a Mach number of about 12. Data points for the
£
d
20
10
.1
Experiment, Vas [47] 
Moo = 13, helium
Present Theory, Eq. (5.6)
M* = -, Y = 5/3
Cp = 1.76
' ' ' I j__L
10 100
£
d
o
o
Figure 5.18. Shock coordinates for a flat leading-edge plate in helium.
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Figure 5.19. Shock coordinates for a flat-plate with a hemicylindrical 
leading-edge.
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Figure 5.20. Shock coordinates for a flat leading-edge plate in air.
103
correlated shock shapes from several models are plotted in Fig. (5.20). 
Also shown are curves given by Eq. (5.6) of the present theory, and Eq. 
(5.15a) from Lukasiewicz's development.
The agreement among the various data is, in general, considered 
good especially for larger values of x/d. Again, Vas's data yield 
shock coordinates somewhat larger than the present theory for values of 
x/d not too large. However, the power-law exponent predicted by Vas 
[see Eqs. (5.17)] is considerably lower than the present theory which 
yields a value of about 0,61 for x/d=25. This accounts for the improved 
agreement between the shock coordinates for large x/d.
Additional Considerations 
From the preceeding analysis it is evident that for aerodynami- 
cally blunt non-growing bodies, the present theory yields acceptable 
approximate analytical solutions. However, if the nose of a non-growing 
body is very slender, such as the cone-cylinder depicted in Fig. (5.21), 
some additional considerations are necessary.
Figure 5.21. The slender cone-cylinder.
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For slender conical and ogival forebodies the nose shock shapes 
can be found from the analyses presented in Chapter III. It follows 
that by properly joining the nose shock with the afterbody shock given 
by Eq. (5.1), a shock which seems to be valid downstream of the nose is 
determined. As an example, we consider three alternative methods for 
determining the shock shape about a cone-cylinder.
With the first method the shock shape over the conical portion 
of the body is known from Eq. (3.3). If the shock slope r^ is to be 
continuous at the shoulder, then the shock slope found from Eq. (5.1) 
must have the same value as that given by the conical solution. At the 
shoulder we assume r^' is equal to zero. With r^ and r^ specified the 
constants of integration and ^j+2 evaluated; subsequently, the 
afterbody shock shape is found by integrating Eq. (5.1). In the second 
method we again begin with a known conical shock. However, we assume 
the surface pressure at the shoulder is known. This enables us, with 
the use of Eq. (2.28), to determine r^. The analysis then proceeds as 
described in the first method. The third approach requires the appli­
cation of Eq. (5.5). In this case the conical nose is replaced by a 
specified drag coefficient. The afterbody shock, given by Eq. (5.5), 
is considered as being attached at the shoulder of the cone-cylinder 
shown in Fig. (5.21). This approach is similar to that used for the 
blunt-nosed cylinders discussed previously.
Of these three methods, the first is in best agreement with ex­
periment near the nose, but all three methods yield essentially the same 
shock far downstream. In Fig. (5.22) the shock shape for a 45° pointed
_r
d
Experiment, Mueller [46] 
helium, = 21
Present Theory, r" =0
6=22.5
0 1 2 3 4 5 6
X
d
o
tn
Figure 5.22. Comparison of shock shapes for a slendsr cone-cylinder.
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cone-cylinder, obtained from experiment by Mueller, is displayed along 
with a plot from the first method described above. Although the com­
parison is not bad near the nose, the growth of the two shocks is funda­
mentally different downstream. The experimental shock grows as x'^^,
whereas the present theory predicts a shock that grows approximately as 
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X for points not too near the nose. It appears that the slender 
nose significantly influences the downstream shock growth, such that the 
shock does not behave in the same manner as the shock for a blunt-nosed 
cylinder. Thus, application of the theory to non-growing bodies should 
be restricted to those bodies that are aerodynamically blunt.
In this chapter we studied the direct problem applied to cir­
cular cylinders and flat-plates for equal to infinity. We found that 
the shock shapes do not grow as a simple power-law, but only approach 
this type of behavior as x approaches infinity. For x equal to infinity 
our development yields a shock that grows as a blast-wave, that is, 
^Z/CS+j) PQ2" real flows the shock weakens downstream from the nose and 
eventually degenerates into a Mach wave. It follows that for real flows 
(finite Mach number] the shock tends to vary as x far downstream rather 
than as predicted by theory for M^ equal to infinity. Thus,
the shock shapes developed with the present theory agree reasonably well 
with those found from experiments for locations not too near the nose, 
yet not so far downstream that the real shock has weakened significantly.
CHAPTER VI 
INTERPRETATION OF BODY SHAPES
Tig
In Chapter IV we discussed power-law shocks where r^-x . We 
found that for ng equal to unity, the bodies are cones and wedges with 
n^ equal to In the range 2(Y+l]/[(3+j)Y+2]<ng<l the body can be
approximated to order with a simple power-law shape given by Eq. 
(4.13), and n^ is equal to ng. For 2/(3+j)<ng<2(y+1)/[(3+j)ï+2] the 
displacement effects of the entropy layer are greater than order .
In this range the body is given by Eq. (4.8) with n^<n^. When 
ng = 2/(3+j) we found that the body shape is given by Eq. (4.19) with
ny = 2/[(3+j)Y]. Our solutions for the inverse problem are not valid
for 0<-ng<2/(3+j) because the bodies generated in this range are not 
realistic. This limitation is not unique to the present theory. For 
instance, it is not obvious why there are no self-similar solutions 
in this range. Despite a number of attempts there does not appear to
be a satisfactory asymptotic theory for hypersonic flow over the full
range of slender blunt-nosed bodies. For further discussions of this 
problem the reader is referred to Mirels [41,42], Freeman [21], and 
Guiraud et at. [24].
*The body power-law exponent.
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The similarity solutions of the small disturbance equations 
yield shock shapes for power-law bodies of the form rg-x^^. In the 
range 2/(3+j)<ng<l the self-similar solutions yield n^ equal to n^.
For the values 0<n^<2/(3+j) the shock power-law exponent is 
ng = 2/(3+j). This behavior is displayed in Figs. (6.1) and (6.2) for 
axisymmetric and planar bodies, respectively. Also shown by the smooth 
dashed curves are the variations in the shock and body power-law ex­
ponent, from the present theory, as described in the previous para­
graph .
In Chapter V shock shapes for n^ equal to zero were obtained 
from a solution of the direct problem for non-growing bodies. The 
shock coordinates for these bodies are displayed in Figs. (5.10-13) 
and (5.18-20) and are compared with experimental values. Since these 
plots are logarithmic the slope at any point is the local value of Ug. 
It is apparent that the shock shapes are not simple power-law types 
since the slopes vary with x. The change in slope is less evident for 
X greater than about 4 for circular cylinders and x greater than about 
2 for flat-plates. However, the slopes are continually increasing and 
approach the limiting or "blast-wave" slopes (i for circular cylinders 
and 2/3 for flat-plates) only as x approaches infinity. It is evident 
from the equations for the shock shapes, Eqs. (5.5) and (5.6), that 
the slopes do not depend on the nose shape, but are dependent on y.
For purposes of comparison with experiment values of Ug for ny equal 
to zero are chosen from Figs. (5.10-13) and (5.18-20) at x equal to
n.0
0.5
Similarity Solutions
Present theory 
Y = 7/5
0
0.50 1. 0
o
%
Figure 6.1. Variation of the shock power-law exponent for 
axisymmetric bodies.
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0 .
Similarity Solutions 
Present Theory, y = 7/5
0 0.5 1.0
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Figure 6.2. Variation of the shock power-law exponent for 
planar bodies.
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25. This particular value is arbitrary, but is chosen well downstream 
of the nose region where the slope changes most rapidly, and yet with­
in the physical limitations of most practical bodies. For Y equal to 
7/5 we find that ng is equal to approximately 0.465 for circular cylin­
ders and approximately 0.61 for flat-plates.
In Figs. (6.33 and (6.43 the solid segment of the smooth curve 
is the variation in the power-law exponent from the present theory as 
plotted previously in Figs. (6.13 and (6.23. The value of ng for n^ 
equal to zero determines the ng axis intercept. These values are given
above for Y equal to 7/5. The dashed segment of the smooth curve is
drawn in to demonstrate the most likely behavior of Ug with n^j in the
range where our solutions are not available. In Fig. (6.33 our data
are compared with the experimental data of Freeman et al. [48] and 
Beavers [49] for axisymmetric blunted bodies. In Fig. (6.4] data points 
from the experiments of Hornung [50] are compared with the present 
theory for plane blunted bodies.
The tests conducted by Freeman were accomplished at equal to 
8.8, in nitrogen, in the N.P.L. 6 inch shock tunnel. The models were 
complete power-law shapes with ny equal to 0, 1/10, 1/3, 1/2, 3/4 and 1. 
Model lengths were 6 inches and base diameters 2 inches. Freeman noted 
that Hg varied considerably with the position of measurement. Data were 
taken in a range 0.2<x/&<1.0 with the magnitude of variation shown in 
Fig. (6 .33. The actual data points displayed are for the x/£ equal to
0.5 position measurement. The experiments conducted by Beavers were 
made in the Rosemont Aeronautical Laboratory hypersonic wind tunnel at
rv
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Figure 6.3. Comparison of the variation of n^ with ny between 
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Figure 6.4. Comparison of the variation of ng with n^  ^between 
the present theory and experiments (j = 0).
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equal to 7.7. Beavers found that the variation of ng was not no­
ticeable for values of x/& greater than about 0.2 for ny equal to 0.85, 
and x/a greater than about 0.6 for ny equal to zero. Values of ny 
tested were 0, 0.1, 0.25, 0.4, 0.5, 0.7, 0.85 and 1.0. The lengths of 
the test models for which data is shown in Fig. (6.3) are 7 inches.
All bodies had a maximum diameter of 2 inches.
Although there is a noticeable spread in the experimental data 
presented by Freeman and Beavers, both groups of data plot as a smoothed 
version of the similarity solution shown in Fig. (6.1). The present 
theory plots as a smooth curve also, but as previously mentioned part 
of the curve is drawn arbitrarily. Except for n y  equal to zero we seem 
to agree more closely with Freeman's results.
Some of the differences between the experimental data of Freeman 
and Beavers, and between the experiments and the present theory can be 
explained as follows. First, experimental evidence was gathered at re­
latively low Mach numbers which differed from about Mach 7 to Mach 13, 
whereas the theory is developed for equal to infinity. Second, the 
fineness ratios (&/d) of the experimental bodies were small, varying 
from 2 to 3.5, but the theory is developed independently of finite 
lengths. Freeman [48] notes that both the Mach number and fineness 
ratio influence the experimental measurement of the variation in ng 
with nb-
The experimental data presented in Fig. (6.4) by Hornung were 
obtained in air with a free-stream Mach number of about 8. The models
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were plane power-law bodies with ny equal to 1/2 and 5/8. The models 
were 10 inches long and 5 inches wide with d equal to 0.01 inch for 
n|j equal to 5/8, and d equal to 0.225 inch for n^ equal to 1/2. The 
data points from these tests fall very nearly on the smooth curve 
drawn from our analysis . Also shown for n], equal to zero is the ex­
perimental data point from Vas's work.
CHAPTER VII 
CONCLUSIONS
The following conclusions and recommendations are made as a 
result of the development and application of an integral approxima­
tion for the shock shapes over slender bodies in inviscid hypersonic 
flow.
Concluding Remarks 
Applications of the solution for the inverse problem to 
pointed shocks, that is, cones, wedges and ogives yield bodies that 
can be expressed algebraically in terms of the shock parameters and 
the ratio of specific heats. The computed shapes agree well with 
other methods for greater than unity, and generally are obtained 
much more easily. The surface pressures on a wedge agree exactly with 
those found by Linnell [39] and subsequently by Van Dyke [9], whereas 
surface pressures for cones are found to agree with small disturbance 
values only in the Newtonian limit. The surface pressures and initial 
pressure gradients for ogives agree well with the small disturbance 
values given by Van Dyke [9] for K^>>1.
lib
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The inverse problem applied to blunted shocks was restricted 
to M equal to infinity. For power-law shocks the body shape was ex­
pressed algebraically. It was also shown that for certain values of 
the shock power-law exponent n^ the entropy-displacement thickness 
plays an important role in the determination of the body shape. Agree­
ment of the power-law shock shapes, body shapes, and surface pressures 
with other theories is, in general, quite good. However, there appears 
to be some discrepancy between the theories and experiments. In the 
case of hyperbolic shocks the body shape is expressed in terms of a 
simple quadrature. We found, as did Yakura [19], that these bodies are 
blunted wedges and cones. However, because of the restrictions we im­
posed on the flow by specifying the shock shape, the drag coefficient 
on a blunted cone given by the present theory does not exhibit a mini­
mum as found by Chernyi [28].
The direct problem applied to circular cylinders and flat-plates 
for equal to infinity yields shock shapes that do not grow as a simple 
power-law. We found that these shocks grow more slowly than the blast- 
wave, and approach the blast-wave behavior only as x approaches infinity. 
These results are in good agreement with other theories e.g.. Van Hise 
[44] and experiments, although there is some spread among the experi­
mental data.
The simplicity gained by the present integral method, which 
accounts for only the gross flow properties, is necessarily accompanied 
by a loss of information concerning the behavior of the flow quantities 
in the shock layer. Also, the small disturbance requirements are violated
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in the nose region (as well as in the entropy layer) and as a result 
the body nose shapes are unknown. In addition, far downstream the pre­
sent solutions are not valid because the strong shock requirements are 
violated. This accounts, in part, for the differences in the shock 
shapes given by the present theory for equal to infinity and the ex­
perimental data recorded for finite Mach number.
Recommendations for Future Research
The work presented here dealing with slender blunted shocks was 
accomplished for equal to infinity. This, of course, enabled the 
simplest solutions to be obtained. Future work should include attempts 
to simplify the solutions for finite Mach numbers.
The general quadrature solution is readily applicable to other 
simple body shapes. For instance solutions could be obtained for the 
exponential shock similar to that investigated by Chernyi [28] . Also, 
solutions for Ug>l could be found from the quadrature solution for the 
inverse problem.
A more rigorous development of the entropy-displacement effects 
should be made. One approach could be an expansion procedure with the 
inner region taken near the nose, and the outer region taken far from 
the nose.
Future experimental efforts should be made at very high Mach 
numbers (M^=20 and greater) and bodies with relatively large fineness 
ratios (&/d=10 and greater). In this way more realistic comparisons 
between theory and experiment can be made, e.g., the shock power-law 
exponent behavior with respect to the body power-law expqnent.
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Hp, Gj AND G_ FOR THE OGIVE OF REVOLUTION
The shock shape for the ogive of revolution given by Eq. [3.8)
IS
Tg = 6x(l+Ax+ti)x2+.,
The substitution of this shock shape into Eq. (2.16) and expansion for 
small X  yields the following expressions for H and G :
H = Hq (1+HjX+H2X^+...)
 ^ ^  Æ  (e^v2-a2)HgX(l+GjX+G2x2+...) ,
where
" l  = ( 5 9 = ? ! + * ! )
"2 = [(5B2v2-3a2)x2+(962v2+3a2)a)]
i Y 1 % 7S2v2-a2
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A^, B^, AND FOR THE OGIVE OF REVOLUTION
The body shape for the ogive of revolution is obtained if we 
substitute the complete expressions for H and G given in Appendix A 
into Eq. (2.18b). The resulting expression is expanded for small x, 
integrated, and manipulated to obtain
r ^  = 6 x [ l + A ^ A x + ( B ^ w + C ^ x 2 ) x 2 + . . , ]  ,
where 6 is the initial body slope and A^, B^, and are:
(19Y-7)(7+1)k J+6C13Y+1)kJ+72 
1 "  12(Y+l)(l+YKg)K^
(5Y-3)(Y+l)K%+(23Y-l)K^+24
B, =
where
1 2(Y+1)(1+YK^)k|
kjK®+k2Kg+k3Kj+k4Kg-2880(37+1) 
 ^ 288(Y+l)2(l+YKg)K%
k^ = 7(-49Y2+26Y+23)(Y+1)^ 
k = 24(Y+1)(-203Y2+12Y+11) 
k = 36(-445y2-298Y-29)
k^ = 288C-63Y-23) .
